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Abstract
Witten’s approach to Khovanov homology of knots is based on the
five-dimensional system of partial differential equations, which we call
Haydys-Witten equations. We argue for a one-to-one correspondence
between its solutions and solutions of the seven-dimensional system of
equations. The latter can be formulated on any G2 holonomy man-
ifold and is a close cousin of the monopole equation of Bogomolny.
Octonions play the central role in our view, in which both the seven-
dimensional equations and the Haydys-Witten equations appear as
reductions of the eight-dimensional Spin(7) instanton equation.
ar
X
iv
:1
40
3.
68
36
v1
  [
he
p-
th]
  2
6 M
ar 
20
14
1 Introduction
In this note we propose a dual description of the Haydys-Witten equations
(4), that originally appeared in [1, Eq.(14)] and [2, Eq.(5.36)]. They play a
central role in Witten’s categorification of the Jones polynomials [2], which
is equivalent [3] to that of Khovanov [4, 5]. These equations are related to
an earlier work of Pidstrigach [6] generalizing the Seiberg-Witten equations
and to the gauge-theoretic description of the string theory configuration of
[7] and [8].
The Haydys-Witten equations are formulated in five dimensions. They
are particularly interesting, as they incorporate a number of other important
systems of equations such as the Kapustin-Witten equations [9], the Vafa-
Witten equations [10], and the self-dual Yang-Mills equation with all of its
reductions (such as, the Bogomolny equation, the Hitchin System, and the
Nahm equation). Here we demonstrate that the Haydys-Witten equations
in turn can be viewed as a result of the reduction of the Spin(7) instanton
equation of [11] and [12], more recently studied in [13] and [14, 15].
We review the Haydys-Witten system in Section 2. This is a system of
seven equations in five dimensions that we write concisely using octonions in
Section 3. This formulation makes it clear that it descends from an eight-
dimensional system of equations known as a Spin(7) instanton equations to
five dimensions via a straightforward dimensional reduction. One can explore
various other reductions of Spin(7) instanton equations; among these it is the
reductions to seven and to three dimensions that are most relevant for our
purposes. Both are expected to be dual to the five-dimensional system and
both appear in Section 3. Given the flat space equations and their interpre-
tation as Spin(7) instanton reduction, we seek their general covariant form.
For the seven-dimensional equation to make sense the underlying space has
to possess a G2 structure. After a brief review of various facts related to spe-
cial holonomy in Section 4, we formulate in Section 5 the seven-dimensional
equation on any manifold with G2 holonomy:
∗ (ψ(4) ∧ FA) = −DΦ. (1)
This equation is rooted in octonions and has a close resemblance of the
Bogomolny monopole equation in three dimensions. Thus we call it the
octonionic monopole equation.
In the remainder of the text we explore the relation between the octo-
nionic monopole in seven dimensions and the Haydys-Witten equation in five
1
dimensions. If the latter are studied on R ×W3 × R+, for example, where
W3 is a three-manifold, then the former should be considered on R× T ∗W3,
where T ∗W3 is the cotangent bundle to this three manifold. Section 6 gives a
string theoretic reason to expect such a relation. Moreover, the string theory
picture allows one to identify the boundary conditions that correspond to
the introduction of a knot K ⊂ W3. The concluding section discusses the
seven-dimensional interpretation of the knot invariants.
2 Haydys-Witten Equations
The five-dimensional equations of [1] and [2] involve a connection, with the
gauge potential one-form A, on a rank n Hermitian vector bundle E over
a five-dimensional manifold M4 × R+ (with local coordinates on M4 be-
ing xµ, µ = 0, 1, 2, 3 and the factor R+ parameterized by y ≥ 0) and a
y-dependent self-dual two-form B = Bµνdx
µdxν on M4 valued in the adjoint
bundle ad(E):
A ∈ Ω1(M4 × R+)⊗ ad(E) and B ∈ Ω2,+(M4)⊗ ad(E). (2)
Of particular interest is the case of M4 = R × W3. If xµ are local co-
ordinates on M4, we choose x
i, i = 1, 2, 3 to be the local coordinates on
W3 and x
0 or t to be the coordinate on R. The self-dual two-form field
B = 1
2
√
2
Bµνdx
µ ∧ dxν has three independent components and for the flat
case of W3 = R3 these can be written as
B0i = φi, Bij = ijkφk. (3)
Here ijk is the totally antisymmetric tensor with 123 = 1. In general, if
ω1, ω2, and ω3 ∈ Ω2,+(M4) form an orthonormalized basis of self-dual forms
in each fiber of Ω2,+(M4), we can decompose the field B as B = φ
kωk and
define B ×B = (~φ× ~φ)kωk = ijkφiφjωk. The central system of equations of
[1] and [2] is the Haydys-Witten system
F+ − 1
4
B ×B − 1
2
DyB = 0, (4a)
Fyµ +D
νBνµ = 0. (4b)
Here F = dA + A ∧ A is the curvature of the connection, and F+ is the
self-dual part of its restriction to M4.
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This system of equations is used in [2] to define knot invariants categori-
fying Jones polynomials. A knot K ⊂ W3 is introduced at y = 0 for all t :
R×K ⊂ R×W3× 0 ⊂ R×W3×R+. To specify the conditions at y = 0 one
chooses a triplet t1, t2, t3 of endomorphisms of E|y=0 satisfying [ta, tb] = abctc
and some dreibein eaj on W3 defined by e
a
je
b
iδab = gij, where gijdx
idxj is the
metric on W3. In terms of these, away from the knot the boundary conditions
are
B =
eaj ta
y
ωj +O(y), (5)
and as y → ∞ one imposes B → 0. The local condition near the knot
can be formulated using the local coordinates aligned with it. Orienting
the knot along the x3 direction and positioning it at the origin, one forms
the complex combination B31 − iB32. The Haydys-Witten equations imply
that this combination depends holomorphically on z = x1 − ix2 coordinate
transversal to the knot. This, in combination with condition (5) and the
B → 0 condition at infinity, implies that locally B31 − iB32 has to have the
form
B31 − iB32 = 1
y
g−1

0 zr1 0 . . . 0
0 0 zr2 . . . 0
...
...
...
. . .
...
0 0 0
... zrα
0 0 0
... 0
 g +O(y), (6)
with some gauge transformation g. The set of integers (r1, r2, . . . , rα) corre-
sponds to a representation assigned to the knot K, that is part of the data
determining the kind of the knot invariant that is being computed.
After this review we begin our exploration by writing the Haydys-Witten
system of equations (4) in octonionic form.
3 Octonions
Octonions (or octaves) introduced by John Graves and Arthur Cayley form an
eight-dimensional vector space over R spanned by 1, e0, e1, e2, e3, e01, e02, e03.
We use three ways to label the octonionic units: (eˆµˆ) = (eµ, e0j) = (e0, ej, e0j),
where µˆ = 0, 1, . . . , 6, while µ = 0, 1, 2, 3 and j = 1, 2, 3. Using these labelings
(and implied summation over the repeated indices) an octonion h can be
3
Figure 1: Octonionic multiplication diagram.
written as
h = y + q0e0 + pje0j + qjej = y + qµeµ + pje0j = y + hµˆeˆµˆ, (7)
and its conjugate is
h∗ = y − q0e0 − pje0j − qjej = y − qµeµ − pje0j = y − hµˆeˆµˆ. (8)
An octonion is a sum of its real and imaginary parts. The real part of h
is defined to be Reh := (h + h∗)/2 = y and its imaginary part is Imh :=
(h− h∗)/2 = h− y.
Octonions form an algebra with all octonionic units e0, ej and e0j anti-
commuting with each other and each squaring to negative one: e20 = e
2
j =
e20j = −1. The rest of the multiplication rules are schematically summarized
by Figure 1. Every triplet of octonionic units lying on a line or a circle in
this figure forms a triplet of quaternionic units. We note that e1, e2, e3 do
not form a triplet of quaternionic units, while e01, e02, e03 do. In particular
e0je0k = −δjk + jkle0l, e0ej = e0j = −1
2
jklekel, e0e0j = −ej, (9)
ejek = −δjk − jkle0l, eje0k = δjke0 − jklel. (10)
This defines the structure constants fµˆνˆρˆ such that eˆµˆeˆνˆ = −δµˆνˆ + fµˆνˆρˆeˆρˆ.
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Eight-dimensional Equation and its Reductions
Given a connection on a bundle E → R8, with some trivialization, we form
a covariant differential
dxM ∧DM = dy ∧Dy + dxµˆ ∧Dµˆ := d+ A∧,
consider a combination
D = Dy +
7∑
µˆ=1
eˆµˆDµˆ, (11)
and its conjugate D∗ = −Dy +
∑7
µˆ=1 eˆµˆDµˆ. The ‘Laplacian’ D∗D is also an
octonion with real and imaginary parts. Let us demand the ‘Laplacian’ be
octonionic real, i.e.
ImD∗D = 0. (12)
In flat space D∗D = −D2y −DµˆDµˆ + eˆρˆ
(
1
2
fµˆνˆρˆ[Dµˆ, Dνˆ ]− [Dy, Dρˆ]
)
. Thus we
are led to the eight-dimensional equation
2Fyρˆ = fµˆνˆρˆFµˆνˆ . (13)
It ensures that the ‘Laplacian’ commutes with all octonionic units and equals
to the negative of the covariant Laplacian.
One would like to view D as a linear operator acting on some Hilbert
space. Since the division algebra of octonions is nonassociative, one might
worry about the meaning of the Laplace operator D∗D and of the above
operator equation, as generally for a pair of two octonionic operators A and
B we have A(Bψ) 6= (AB)ψ. Octonions, however, do satisfy1 A∗(Aψ) =
(A∗A)ψ. If one interprets D as an operator, Eq. (12) implies that the operator
D∗D is purely real, moreover, it equals the negative of the covariant Laplacian
which, for any nontrivial connection without flat factors, is strictly negative.
Thus there is a Green’s function G = (D∗D)−1 that, in turn, commutes with
the octonionic units.
The eight-dimensional equation (13) is not new; it first appears in [11, 12].
Some of its solutions (with gauge group SO(7) or SO(8)) are found in [19] and
[20]. Solutions with gauge group SU(2) of the reduction of these equations
to four-dimensional hyperka¨hler base are analyzed in [21].
1The reason behind this associativity relation is that one can choose the basic octonions
so that A and ψ lie in a three-space spanned by 1 and two octonionic units. Two octonionic
units (if distinct) define a quaternionic line, containing A and ψ, and quaternions are
associative.
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Reduction to Five Dimensions
Consider a reduction of the eight-dimensional equation (13) to five dimen-
sions. In other words, consider a connection with components that in some
gauge are independent of three of the coordinates, say x4ˆ, x5ˆ and x6ˆ. In this
gauge, denoting its components in these three directions by Φ1,Φ2, and Φ3,
we have
D = Dy + eµDµ + e0jΦj. (14)
Now the equation ImD∗D = 0 is the dimensional reduction of (12) and it
reads
Fy0 −DjΦj = 0,
Fyl +D0Φl + ljk (DjΦk −DkΦj) = 0, (15)
Fl0 + ljkFjk +DyΦl − ljkΦjΦk = 0.
At this point we observe that this is exactly the Haydys-Witten system of
equations (4) when W3 = R3 and B = Φj
(
1√
2
dx0 ∧ dxj + jkl
2
√
2
dxk ∧ dxl
)
.
Reduction to Seven Dimensions
Reducing the eight-dimensional equation to seven dimensions along the y-
direction leads to
−DρˆΦ = 1
2
fµˆνˆρˆFµˆνˆ . (16)
One cannot fail to notice its close resemblance of the Bogomolny equation.
The role of the three-dimensional totally antisymmetric tensor of the Bogo-
molny equation is played here by the octonionic structure constants, thus,
we call Eq. (16) the octonionic monopole equation.
All of the equations appearing in this section are based on octonionic
structure. General manifolds respecting this structure are those with the G2
holonomy. We give covariant formulation of these equations below in terms
of the special holonomy structures.
Reduction to Three Dimensions
The forthcoming brane picture of Section 6 suggests that a reduction of the
eight-dimensional equations to three dimensions might lead to yet another
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description of the knot invariants. To achieve this reduction we let D =
Y + e0jDj + eµΦµ. Now the condition ImD∗D = 0 reads
[Dj,Φj] + [Y,Φ0] = 0, (17)
[Dk,Φ0] + [Φk, Y ]− ijk[Di,Φj] = 0, (18)
[Dk, Y ]− [Φk,Φ0] + 1
2
ijk ([Di, Dj]− [Φi,Φj]) = 0. (19)
This is a three-dimensional system of partial differential equations on Rt ×
R+ × S1. To be useful for the knot invariants discussion, (Φ2,Φ3, Y ) should
satisfy a Nahm triplet boundary condition at a codimension one boundary,
while Φ0, . . . ,Φ3 form ADHM instanton data. Just as ADHM equations,
these equations should be slightly modified by introducing fundamental and
antifundamental variables (respectively denoted by I and J) that modify the
right-hand-side. The appropriate form of Eq. (19) in the system (17,18,19)
above appears to be
[D1, Y ]− [Φ1,Φ0] + ([D2, D3]− [Φ2,Φ3]) = Re IJ,
[D2, Y ]− [Φ2,Φ0] + ([D3, D1]− [Φ3,Φ1]) = Im IJ, (20)
[D3, Y ]− [Φ3,Φ0] + ([D1, D2]− [Φ1,Φ2]) = 1
2
(II∗ − J∗J),
augmented by appropriate equations involving covariant derivatives of I and
J. We leave this three-dimensional discussion, however interesting, outside
of the scope of this note, emphasizing instead the relation between the five-
and the seven-dimensional systems of equations.
4 Covariant Forms of the Octonionic Equa-
tions
So far our focus is on differential equations in flat spaces induced by the
octonionic structure. Our next goal is to put these equations in a covariant
form, so that they generalize to a wider range of backgrounds. To begin
with, we collect some relevant facts involving special holonomy. A wealth
of information on special holonomy and the relation of octonions to G2 and
Spin(7) structures can be found in [16].
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Special Holonomy
The cotangent space T ∗W3 of a three-manifold W3 can be given a Calabi-
Yau structure in the vicinity of its zero section. We would strongly prefer
to work with W3 such that its cotangent bundle T
∗W3 is a complete Calabi-
Yau manifold. For which W3 this is the case appears to be an open prob-
lem. Besides the flat three-space W3 = R3 and flat three-tori W3 = T 3,
another example of a three-manifold satisfying this condition is the three-
sphere W3 = S
3. The former two are the basic examples we have in mind
in what follows. In the case of W3 = R3 with coordinates q1, q2, and q3,
and conjugate coordinates p1, p2, and p3 in the fiber of T
∗W3, then the
symplectic two-form is ω = dqj ∧ dpj, and the holomorphic three-form is
η = d(p1 + iq1) ∧ d(p2 + iq2) ∧ d(p3 + iq3), so that T ∗W3 = T ∗R3 = R6 is a
complete Calabi-Yau (in this case, the flat six-space). For any Calabi-Yau
space (CY, ω, η) there is a G2 structure on Rt×CY given by the three-form
and the four-form
φ(3) = Re
(
eiαη
)
+ ω ∧ dt, (21)
ψ(4) = ∗φ(3) = 1
2
ω ∧ ω + Im (eiαη) ∧ dt, (22)
with any chosen real constant α. The group of linear transformations leaving
the three-form φ(3) invariant is G2. This form can locally be put into a canon-
ical form φ(3) = 1
6
fµˆνˆρˆdx
µˆdxνˆdxρˆ, where fµˆνˆρˆ are the octonionic structure
constants; thus G2 can be viewed as the group of symmetries of imaginary
octonions. A particular example of a manifold with G2 holonomy relevant
to our discussion is Rt × T ∗W3.
In turn, for any G2 manifold (Y 7, φ(3), ψ(4)) there is a natural Spin(7)
structure on Y 7 × R given by the four-form Ω(4) = dy ∧ φ(3) + ψ(4). The
relevant Spin(7) holonomy manifold for our discussion is Rt × T ∗W3 × R+.
As our equations involve the curvature form algebraically, two-forms on
these manifolds are particularly important, and now we describe their struc-
ture.
G2 Structure
Since G2 acts on the seven-dimensional space V of imaginary octonions, it
acts on the two-forms Λ2V ∗. This 21-dimensional representation of G2 splits
as a sum of the seven- and the fourteen-dimensional irreducible representa-
tions (see [16] and [13]): Λ2V ∗ = Λ27⊕Λ221. These irreducible representations
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have the following characterization [16] in terms of the G2 three- and four-
forms:
Λ27 =
{
α ∈ Λ2V ∗
∣∣∣ ∗ (φ(3) ∧ α) = 2α} = {ıvφ(3)∣∣∣v ∈ V }
=
{
α ∈ Λ2V ∗
∣∣∣ ∗ (ψ(4) ∧ ∗(ψ(4) ∧ α)) = 3α} , (23)
Λ214 =
{
α ∈ Λ2V ∗
∣∣∣ ∗ (φ(3) ∧ α) = −α} = {α ∈ Λ2V ∗∣∣∣ψ(4) ∧ α = 0} , (24)
These characterizations allow us to write the projection operator onto Λ27
space pi7 : Λ
2V ∗ → Λ27 in two ways:
α 7→ pi7(α) = 1
3
(α + ∗(φ(3) ∧ α)) = 1
3
∗ (ψ(4) ∧ ∗(ψ(4) ∧ α)). (25)
On a G2 manifold the three-form φ(3) gives an associative calibration
and the four-form ψ(4) gives a coassociative calibration. A three-dimensional
submanifold A3Σ ⊂ Y 7 is called associative if the restriction of the three-form
φ(3) to it is the volume form of A3Σ : φ
(3)|A3Σ = VolA3Σ . A four-dimensional
submanifold C4W ⊂ Y 7 is coassociative if the restriction of the four-form ψ(4)
to it equals its volume form: φ(4)|C4W = VolC4W .
Spin(7) Structure
Similarly, Spin(7) group action on an eight-dimensional space U induces an
action on its dual U∗ and on Λ2U∗, which splits into irreducible representa-
tions: Λ2U∗ = Λ27 ⊕ Λ221. The two factors can be characterized by
Λ27 =
{
α ∈ Λ2U∗
∣∣∣ ∗ (Ω(4) ∧ α) = 3α} , (26)
Λ221 =
{
α ∈ Λ2U∗
∣∣∣ ∗ (Ω(4) ∧ α) = −α} , (27)
The Spin(7) Instanton and its Reductions
Given any G2 manifold (Y 7, φ(3), ψ(4)) consider a Spin(7) manifold Ry × Y 7
with the Spin(7) structure given by Ω(4) = dy ∧ φ(3) + ψ(4). The covariant
form of eight-dimensional Eq. (13) is
ı ∂
∂y
FA = ∗7(ψ(4) ∧ FA). (28)
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In fact, this equation is equivalent to the Spin(7) instanton equation of [11,
12, 13, 14] that makes sense on any Spin(7) manifold and reads
∗8 (Ω(4) ∧ FA) = −FA. (29)
According to the decomposition Λ2U∗ = Λ27 ⊕Λ221 and Eqs. (26) and (27), it
states that the curvature two-form F has no Λ27 components.
This Spin(7) instanton equation has an important geometric interpreta-
tion [13, 14] as a gradient flow of the Chern-Simons functional on the space
of connections on a G2 manifold Y 7 :
CSψ =
1
2
∫
Y 7
tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
∧ ψ(4). (30)
Dirac Operator Interpretation and Integrability
Throughout Section 3 we use D as a formal combination in order to use the
octonionic structure to encode either the Spin(7) instanton, or a solution
of the Haydys-Witten equations, or an octonionic monopole. We would like,
however, to use D as an operator and its Hermitian conjugate be D∗. In order
to do that we have to specify the Hilbert space on which it acts. Following
[16], given a G2 manifold, we consider the spin bundles S+ = Ω0 ⊕ Ω27
and S− = Ω1. Both are rank 8 and can be identified with octonions. Left
multiplication gives the action of imaginary octonions on S+ : for a∗ = −a
let La : v 7→ av. Then L2av = a(av) = −a∗(av) = −(a∗a)v and L2a = −|a|2.
Thus the action of imaginary octonions on S+ by the left multiplication
forms an eight-dimensional representation of the Clifford algebra in seven
dimensions. As a result, we can view the operator D in seven dimensions
(and its reduction to five dimensions used above) as a Dirac operator.
The Clifford multiplication is given [16] by
γ(e) : S+ → S−
(f, ω) 7→ fe∗ + 2ıeω , (31)
and
γ(e)∗ : S− → S+
v 7→ ((e, v), 1
2
(ıeıvΩ
(4) + e∗ ∧ v∗)), (32)
which we write in Eq. (36) below in component form.
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In fact, the Spin(7) instanton equation and all of its reductions can be
interpreted as an integrability condition for a linear system. This linear sys-
tem is exactly D∗Ψ = 0. This fact, though in a different form, was discovered
in [22]. Let Ψ = eˆρˆΨ
ρˆ, while D∗ = −D0 + eˆρˆDρˆ as defined in Sec. 3, then
the components of the equation D∗Ψ = 0 form a system of eight equations.
Let us begin by writing it in component form by introducing a tensor2 RρˆMN
(antisymmetric in MN) with ρˆ = 1, . . . , 7 and M,N = 0, 1, . . . , 7 which is
defined by the following relation
eˆρˆR
ρˆ
MNdx
M ∧ dxN = dx∗ ∧ dx, (33)
where dx = dx0 + eˆρˆdx
ρˆ and dx∗ = dx0 − eˆρˆdxρˆ. The components of this
tensor are exactly the Clebsch-Gordan coefficients or 8 ∧ 8 → 7 in the de-
composition Λ2U∗ = Λ27⊕Λ221 of Eqs. (26,27), which form the representation
decomposition 8∧8 = 7+21. Then, our key equation D∗Ψ = 0 in components
reads
RρˆMNDMΨ
ρˆ = 0, (34)
and the integrability condition for this system of linear equations is
RρˆMNFMN = 0. (35)
This means that in the Λ2 = Λ27 ⊕ Λ221 decomposition of the curvature two-
form F = F7 + F21 the F7 ∈ Λ27 component vanishes. This is exactly the
meaning of the Spin(7) instanton condition (29).
This also gives a direct interpretation of the operator D∗ as a chiral Dirac
(aka Weyl) operator. Namely, one can represent gamma matrices in eight
dimensions by
γ0 =
(
0 1
1 0
)
, γρˆ =
(
0 Rρˆ
−Rρˆ 0
)
, (36)
with the off-diagonal 8 × 8 matrices Rρˆ = (RρˆMN). Such a relation between
spinors and octonions is pointed out explicitly in [11] for example. Thus the
linear equation (34) acquires an interpretation as an eight-dimensional Dirac
(or, rather, Weyl) equation.
2This is an eight-dimensional analogue of the ’t Hooft tensor in four dimensions.
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5 Octonionic Monopole
At this point we possess the ingredients needed to formulate the covariant sys-
tem in seven-dimensions that we conjecture to be dual to the Haydys-Witten
five-dimensional system. It is based on the seven-dimensional equation (16).
We proceed by writing it in a covariant form.
On any G2 manifold Y 7 there is a structure of imaginary octonions on
each tangent space with the structure constants given by the components of
the three-form φ(3). For a Hermitian vector bundle Eˆ → Y 7 with a connec-
tion A and an endomorphism Φ we write a covariant form of the octonionic
monopole Eq. (16) as
∗ (ψ(4) ∧ FA) = −DΦ. (37)
We continue the parallel with monopoles, where the conventional Bogo-
molny equation in three dimensions is a reduction of the four-dimensional
self-duality equation. The octonionic monopole equation above on a G2
manifold Y 7, in turn, can be viewed as a reduction of the Spin(7) instanton
equation (29) on Ry × Y 7. That is how it appears in [15, Eq.(25)]. Namely,
if the connection one-form A = Φdy + A on Ry × Y 7 has components inde-
pendent of the variable y then its curvature two-form is FA = dy ∧DΦ + F
and the Spin(7) instanton equation (29) amounts to the following system of
two equations
∗7(ψ(4) ∧ F ) +DΦ = 0, (38)
∗7F + φ(3) ∧ F + ψ(4) ∧DΦ = 0. (39)
These two, however, are equivalent thanks to relation (25). Thus we have
two equivalent forms of the octonionic monopole equation (38) and (39).
Geometrically it states that the Λ27 component of the curvature two-form F
is given in terms of the gradient of the Higgs field Φ.
The octonionic monopole equation (modulo gauge transformations) is
elliptic. Its linearization is the following elliptic complex
ad(E)⊗ Ω0 δ0−→ ad(E)⊗ (Ω0 ⊕ Ω1) δ1−→ ad(E)⊗ Ω1, (40)
with the differentials
δ0 :λ 7→
(
[Φ, λ]
DAλ
)
, δ1 :
(
α
β
)
7→ DAα− [Φ, β] + ∗(ψ(4) ∧DAβ). (41)
For any application to knot invariants a careful study of the ellipticity of its
boundary conditions formulated below is needed.
12
Energy Bound
The topological charges3 one can associate to appropriate solutions of Eq. (37)
are an instanton number I =
∫
Y 7
φ(3) ∧ tr (F ∧F ), a monopole number M =∫
Y 7
ψ(4) ∧ tr (DΦ ∧ F ) , and an octopole charge O = ∫
Y 7
trF ∧ F ∧ F ∧DΦ.
A natural action functional assigned to any pair (A,Φ) is
S[A,Φ] = −
∫
Y 7
tr (F ∧ ∗F +DΦ ∧ ∗DΦ) . (42)
The fields in our conventions are antihermitian, hence the minus sign in this
definition. Using the identity ∗(ψ(4)∧α)∧ψ(4)∧α = α∧∗α+α∧α∧φ(3) valid
for any two-form α, we obtain the inequality 0 ≥ ∫
Y 7
tr
(
DΦ + ∗(ψ(4) ∧ F ))∧
∗ (DΦ + ∗(ψ(4) ∧ F )) = I + 2M − S. Thus we obtain the Bogomolny-type
inequality
S ≥ I + 2M. (43)
This inequality is saturated only by octonionic monopoles. Thus octonionic
monopoles are solutions of the seven-dimensional Yang-Mills-Higgs equations
that deliver the action minimum in any given topological class. This fact also
follows from the octonionic monopole Eq. (37) and the Bianchi identity.
In a noncompact case one would rewrite the instanton and monopole
charges in terms of boundary integrals using
I =
∫
∂Y 7
φ(3) ∧ tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
,
and M =
∫
Y 7
ψ(4) ∧ tr (DΦ ∧ F ) = ∫
∂Y 7
ψ(4) ∧ tr (Φ ∧ F ) .
A Knot at the Heart of a Monopole
In a situation dual to Witten’s picture of Section 2, given a knot K ⊂ W3
at y = 0 we consider the manifold Y 7 = Rt × T ∗W3 as a G2 manifold with
a coassociative cycle C4W = Rt ×W3 at the zero section of T ∗W3. Imagine,
for the time being, that we also have an associative noncompact cycle A3Σ =
Rt×Σ with a boundary in C4W specified by the knot: ∂Σ = K ⊂ W3 ⊂ T ∗W3.
One can consider a more general situation with any G2 manifold Y 7 and
3These charges are topological in a limited sense, as they are invariant under metric
deformations that preserve the special holonomy structure.
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a pair of cycles C4W and A
3
Σ, such that C
4
W is coassociative and A
3
Σ is an
associative cycle4 with some fixed boundary ∂A3Σ ⊂ C4W .
We would like to impose boundary conditions corresponding to a situa-
tion with a monopole at C4W and an instanton positioned at A
3
Σ. Loosely
speaking this signifies the following. The asymptotic boundary of T ∗W3 is
a sphere bundle over W3. We demand that this sphere fiber has a mono-
pole flux through it contributing to the monopole charge M. The knot, on
the other hand, is the boundary of the submanifold A3Σ of codimension four.
Moving along A3Σ and away from W3, we demand that there is a Yang-Mills
instanton of a given instanton number k on the four-space transverse to A3Σ.
Our motivation for this choice, together with the local conditions near the
knot, stems from the brane configuration described in the next section.
While the zero section of T ∗W3 is always present to produce the coasso-
ciative cycle C4W = Rt ×W3, given a knot K ⊂ W3, there might not exist an
appropriate associative cycle A3Σ ending on it (as described above). In terms
of the octonionic monopole, however, the knot is encoded in the boundary
conditions at C4W and the remnant of (nonexistent) associative cycle A
3
Σ is
the condition of nonzero instanton number.
6 Branes and Probes
Witten’s description [2] of Khovanov homology for a knot K in W3 can be
viewed as arising from the following configuration. One studies M theory on
Rt × T ∗W3 × TN with n M5-branes with world-volumes Rt ×W3 × C, here
W3 is the zero section of T
∗W3 and C is the ‘cigar’ semi-infinite cycle of the
Taub-NUT space TN. For a knot K ⊂ W3 one introduces an M2-brane with
the world-volume Rt×ΣK ≈ Rt×R+×S1 with boundary Rt×K. The M2-
brane is ending on the M5-branes and its boundary is the knot positioned
in W3 at the tip of the ‘cigar’ C. We view T
∗W3 as a Calabi-Yau space and
require supersymmetry of this brane configuration.
Identifying the circle of the Taub-NUT as the circle of M theory we obtain
4The associative condition in fact is only needed at the boundary ∂A3Σ.
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an equivalent Type IIA brane configuration:
Rt × T ∗W3 × R3
D6 Rt × T ∗W3 × 0 (44)
D4 Rt × W3 × R+
D2 Rt × ΣK
The five-dimensional equations (4) are used in [2] to describe this config-
uration in terms of the theory on the world-volume of the D4-brane. Here
we attempt to obtain an equivalent description in terms of the theory on
the world-volume of the D6-branes. (One might also attempt to give a de-
scription in terms of the theory on the D2-brane.) Such a description would
involve Eqs. (20). The fundamental and antifundamental degrees of free-
dom, respectively I and J, in these equations correspond to open strings
connecting D2- to D4-branes.) The seven-dimensional system of equations
that ensures the same supersymmetry condition on the D6 is to be given by
the octonionic monopole Eq. (37). If the Haydys-Witten equations (4) on
the D4-branes were for rank n, with residue triplet (t1, t2, t3) of the boundary
condition (5) at y = 0 consisting of L irreducible representations of su(2),
then the dual octonionic monopole equations (37) on D6-branes are for rank
L connection and Higgs fields such that 1) their limiting behavior at the
zero section of T ∗W3 is that of charge n Dirac monopole (corresponding to n
semi-infinite D4-branes ending on the D6) and 2) they represent an instanton
at ΣK . The Nahm boundary conditions of [3] that are analyzed in [23] have
the irreducible Nahm pole, i.e. L = 1. From the seven-dimensional point of
view this is the rank one case; it appears degenerate and might not capture
all of the knot information we might want. It also suffers from the presence
of zero size instantons. One could introduce noncommutativity to regularize
this configuration. A better direction to pursue, however, is to increase the
rank of the gauge group of the seven-dimensional theory. This would amount
to considering either a non-maximal or reducible pole in the Witten’s picture
or the five-dimensional theory on a finite y−interval, so that the base space
is Rt ×W3 × I. In general, the rank of the seven-dimensional system (the
number of the D6-branes) is the number of irreducible representations of the
residue of the Nahm pole in the boundary conditions of the five-dimensional
system. While the monopole charge (the number of D4-branes) carried by
the coassociative cycle Rt ×W3 is the rank of the five-dimensional system.
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The Model Solution
In coordinate form the seven-dimensional octonionic monopole equation amounts
to the following system
Dq0Φ = −
3∑
j=1
Fqjpj , (45)
DqiΦ = Fq0pi + Fqjpk + Fpjqk , (46)
DpiΦ = −Fq0qi + Fqjqk − Fpjpk , (47)
where we understand the triplet (i, j, k) to be any cyclic permutation of
(1, 2, 3). Orienting the knot at a given point along the q3-axis we are seeking
a model solution that is static and independent of q3. To begin with, we put
Dq0 = 0 and Dq3 = 0 and introduce combinations D1 = Dq1 − iDq2 , D2 =
Dp1 + iDp2 and D3 = Dp3 + iΦ. In terms of these coordinates the above
equations take the form
[Dj, Dk] = 0, for j, k = 1, 2, 3, (48)
[D1, D¯1] + [D2, D¯2] + [D3, D¯3] = 0. (49)
For a fixed value of p3 the equation [D1, D2] = 0 implied that a solution gives
a holomorphic bundle on each four-dimensional slice p3 = const with holo-
morphic coordinates q = q1 − iq2 and p = p1 + ip2. Moreover, the remaining
two equations of (48) are [D3, D1] = 0 and [D3, D2] = 0. They imply that
as we vary p3 this holomorphic bundle does not change so long as we do not
encounter singularities. We fix the instanton number of this bundle at some
p3 > 0.
We are seeking a solution with a Dirac monopole singularity at p3 = p = 0.
It corresponds to the semi-infinite D4-branes ending on the D6-brane. So we
expect a holomorphic bundle E+ for any value of p3 > 0 to be independent
of p3 and a bundle E
− for any value of p3 < 0 to be independent of the value
of p3 as well. At p3 = 0 we encounter a singularity only on the plane p = 0.
Everywhere outside this plane E+ = E−. The singularity at p3 = p = 0 is
the Dirac singularity corresponding to the Hecke modification along p = 0
relating E− to E+. The local analysis parallels exactly that of [9].
The system (48,49) is a reduction to five dimensions of the Hermitian
Yang-Mills equations. According to the results of Donaldson and of Uhlen-
beck and Yau, Eq. (49) has a unique solution if the holomorphic bundle given
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by a solution of Eq. (48) is semi-stable. In the present case such analysis is
needed in the presence of the Dirac monopole at p = 0, p3 = 0.
7 Conclusions and Speculations
We gave the octonionic interpretation of Haydys-Witten equations (4). This
allows us to view them, as well as the octonionic monopole equation (37),
as a reduction of Spin(7) instanton (29). From the string theory brane con-
figuration point of view (44), we expect a relation between solutions of the
Haydys-Witten system and octonionic monopoles; the former emerging in the
world-volume of the D4-branes, while the latter on the world-volume of the
D6-branes. This relation is similar to the Nahm transform that relates two
reductions of the self-dual Yang-Mills equation in four dimensions: solutions
of the Nahm equation and solutions of the monopole equation of Bogomolny.
A natural question to ask is whether there is a quantum theory that could
lead to the octonionic monopole description. In fact there is a theory which
has ‘topological’ observables for the case we consider. In [26] the super-
Yang-Mills (with no twisting) on a manifold with G2 holonomy is argued to
be a topological theory. Namely, for Q the BRST generator, the super-Yang-
Mills Lagrangian is written in a Q-exact form: L = −i{Q, V } and the BRST
invariant configurations are identified as Spin(7) instantons. Thus, following
the reasoning of [27], any correlation function of BRST closed operators is
invariant under holonomy-preserving metric variations. The right observable
to consider in the case at hand has the operator insertion of the (codimension
three) ’t Hooft operator at the zero section of T ∗W3 together with a relative
codimension two operator at the position of the knot K ⊂ W3 within it, as
described by the model solution of Section 6.
In the Donaldson-Segal picture [15], the Spin(7) instanton equations on
Y 7×R emerge as the covariant form of the gradient flow for the Chern-Simons
functional
CSψ =
1
2
∫
Y 7
tr (A ∧ dA+ 2
3
A ∧ A ∧ A) ∧ ψ(4). (50)
Similarly, the octonionic monopole equation on CY × R can be interpreted
as the gradient flow for the functional
h(Φ, A) =
1
2
∫
CY
tr (ΦF )∧ω(2) ∧ω(2) + tr (A∧ dA+ 2
3
A∧A∧A)∧Re eiαη(3).
(51)
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Here α ∈ [0, 2pi) is some fixed arbitrary constant. A fixed point of this
gradient flow has δh = 0 and satisfies
F ∧ ω(2) ∧ ω(2) = 0, (52)
DΦ ∧ ω(2) ∧ ω(2) = 2F ∧ Re eiαη(3). (53)
The first equation involves the (1, 1) part of the curvature and can be viewed
as a moment map condition, while the second equation is a holomorphic
condition relating the (0, 2) component of the curvature to the holomorphic
covariant differential of the Higgs field.
One can compare to Witten’s five-dimensional generalization of the Floer-
Donaldson theory. In order to obtain knot invariants, according to [3], one
considers the Chern-Simons functional, or rather its imaginary part, on the
space of complexified connections on W3 as a Morse function. The com-
plexified gauge group is GC. Trying to formulate a gradient flow for such a
function one faces a problem: the metric is G invariant, but not GC invari-
ant. An invariant metric is needed to obtain the flow vector field from the
differential of the Morse functional. This difficulty is solved by imposing a
moment map constraint µ = 0 and flowing on the level-set of this constraint.
The constraint condition is enforced by introducing a Higgs field Lagrange
multiplier φ and modifying the Morse function to be f =
∫
trφµ+ ImCSG
C
.
The gradient flow equation on W3 × R+ is the Kapustin-Witten equation.
It can be used to reproduce the Jones polynomials [18], which are ‘classical
invariants’ of the knot. This picture provides much insight by naturally re-
producing Khovanov homology and by giving instanton interpretation to the
integer (difference of) powers of the terms in the Jones polynomial [24]. In
order to introduce Khovanov homology, which encodes ‘quantum invariants’
of the knot, one introduces an extra dimension and promotes the Lagrangian
multiplier Higgs field φ to the connection component in that direction. The
Hilbert space of this five-dimensional theory is the Khovanov homology. It
is described semiclassically. The resulting equations are the Haydys-Witten
equations. This is the view presented in [3] and [2].
In the seven-dimensional case, the picture appears to be more conven-
tional and in tune with Witten’s version of Morse theory [25]. One begins by
considering the Chern-Simons-Higgs functional on the space of pairs (A,Φ)
of a connection and an endomorphism of a hermitian bundle over a Calabi-
Yau, such as T ∗W3, given by Eq. (51). It is purely real. Its fixed points
(solutions of Eqs. (52,53)) are used to span vector spaces of the Morse com-
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plex; while the gradient flow between them (given by octonionic monopole
solutions on CY ×R), interpolating between one fixed point solution on the
Calabi-Yau at t = −∞ and another at t = +∞, are to be used to define
the differential. If, indeed, the correspondence argued in Section 6 between
octonionic monopoles and solutions of the Haydys-Witten equations holds,
then the homology groups of this complex should reproduce the Khovanov
homology.
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